In this paper, we show the equivalence of convergence between the modified Mann and Ishikawa iterations with errors for an asymptotically pseudocontractive mapping under the condition of removing the bounded assumption. We also point out the problems of (Rhoades and Soltuz in
Introduction
Let E be a real Banach space and E * be its dual space. The normalized duality mapping
where ·, · denotes the generalized duality pairing. The single-valued normalized duality mapping is denoted by j. Let D be a nonempty closed convex subset of E and T : D → D be a mapping. 
Definition . [] ()
Obviously, the asymptotically pseudocontractive and asymptotically nonexpansive mappings with the constant sequence {} are the usual definition of strongly pseudocontractive and nonexpansive mappings, respectively. An asymptotically nonexpansive mapping is asymptotically pseudocontractive. The converse is not true in general; see [] . And it is clear that an asymptotically nonexpansive mapping is also uniformly L-Lipschitz for some L ≥ , where L = sup n≥ {k n }.
Let us recall some iterations in the following.
Definition . For arbitrary given x  ∈ D, the modified Ishikawa iteration with errors
where {u n }, {v n } are any bounded sequences of D. {α n }, {β n }, {γ n }, {δ n } are four real sequences in [, ] satisfying α n + γ n ≤  and β n + δ n ≤  for any n ≥ . If β n = δ n =  for all n ≥ , then (.) reduces to the modified Mann iteration with errors {z n } ∞ n= as follows:
If γ n = δ n =  for any n ≥ , then for x  , z  ∈ D, (.) and (.) reduce to the modified Ishikawa and Mann iterations as follows, respectively (see [] and []): 
and satisfy ∞ n= a n = ∞, lim n→∞ a n =  and c n = o(a n ) with a n + c n ≤  for all n ≥ . Then the Mann iterative process with errors {u n } defined by 
, where {u n j -q} is an infinite subsequence of the sequence {u n -q}. Meanwhile, there exists a similar problem in Theorem . of [] (for more details, see th of P). For this, we provide an example.
+ u n+ -q  = inf n≥N n +n  = , but there does not exist any subsequence {n j } of the sequence {n} such that lim j→∞ n j = . Hence we cannot obtain that ∀ε > , ∀m ∈ N , u n j +m -q < ε. So Theorems ., . of [] do not hold.
Theorem . ([]
, Theorem ) Let X be a real Banach space, B be a nonempty closed convex subset of X and {x n }, {z n } be defined by (.) and (.) with {α n }, {β n } satisfying the following conditions: lim n→∞ α n = , lim n→∞ β n = , (ii) the modified Ishikawa iteration (.) converges to x * ∈ F(T). 
But there exists an error in the proof course for the above theorem, i.e., P the following formula
 + α  n (x n+ -z n+ ) + α n α n k n I -T n x n+ -α n k n I -T n z n+ ≥  + α  n x n+ -z(i) α n + γ n ≤ , β n + δ n ≤ ; (ii) lim n→∞ α n = , ∞ n= α n = ∞; (iii) ∞ n= α  n < ∞, ∞ n= γ n < ∞; (iv) ∞ n= α n (β n + δ n ) < ∞, ∞ n= α n (k n -) < ∞.
Suppose that the range of T is bounded and q ∈ F(T) = ∅. If there exists a strictly increasing continuous function
: [, +∞) → [, +∞) with () =  such that T n x n+ -q, j(x n+ -q) ≤ k n x n+ -q  - x n+ -q , ∀n ≥ , (.)
then the modified Ishikawa iteration with errors {x n } converges strongly to q ∈ F(T).
But this result is not perfect because of the assumption of bounded range. The aim of this paper is to revise the results of the papers [, , ] and remove the assumption T with bounded range [] . We obtain that the modified Ishikawa iteration with errors converges strongly to the fixed point of T and the modified Mann and Ishikawa iterations with errors are equivalent. For these, we need the following lemmas.
Lemma . [] Let E be a real Banach space and let J
for all x, y ∈ E.
Lemma . []
Let {a n }, {b n }, {c n } be three nonnegative real sequences satisfying the inequality
Lemma . Let {θ n }, {b n }, {c n }, {d n }, {e n } and {t n } be six nonnegative real sequences satisfying the following conditions: 
where σ (t) = (t)
Proof Since lim n→∞ θ n exists, we define M = sup n θ n +  and lim n→∞ θ n = δ. We declare that δ = . If it is not this case, then δ > , there exists a natural number
From (iv) and (.), we have ∞ n= t n < ∞ which is a contradiction to condition (ii) and so δ = , i.e., lim n→∞ θ n = .
Main results

Theorem . Let D be a nonempty closed convex subset of the real Banach space E. Suppose that T : D − → D is a uniformly L-Lipschitz asymptotically pseudocontractive map-
ping with the real number sequence {k n } ⊂ [, +∞), lim n→∞ k n = . Let {x n } and {z n } be defined by (.) and (.), respectively, where {α n }, {β n }, {γ n } and {δ n } are four real number sequences in [, ] satisfying the following conditions:
Suppose q ∈ F(T) = ∅. If there exists a strictly increasing continuous function : [, +∞) → [, +∞) with () =  such that
where σ (t) = 
() the modified Mann iteration with errors {z n } converges strongly to q ∈ F(T); () the modified Ishikawa iteration with errors {x n } converges strongly to q ∈ F(T).
Proof If the modified Ishikawa iteration with errors sequence {x n } defined by (.) converges strongly to q, then setting β n = δ n = , ∀n ∈ N, we obtain the convergence of the modified Mann iteration with errors sequence {z n } defined by (.). Conversely, we only prove that () ⇒ ().
Since lim n→∞ z n -q = , lim n→∞ k n = , then {z n -q}, {k n } are bounded. Set M = max{sup n z n -q , sup n {k n + }, sup n u n -q , sup n v n -q , sup n w n -q }.
First we prove that the sequence {x n -z n } is bounded. From (.) and (.), we have
Using (.) and (.), we have
Since T satisfies (.), so T is an asymptotically pseudocontractive map. Applying (.), we get
which implies that
From (.) and (.), we obtain the following inequalities:
Taking (.) into (.), we obtain that
Substituting (.), (.) and (.) into (.), we have
where
It follows from (.), (.), (.) and Lemma . that we have
. By (iii) and (iv), we have
Using Lemma ., we obtain that lim n→∞ x n -z n = . x, (t) = t  , t ∈ [, +∞), k n = , ∀n ≥ . Then is a strictly increasing continuous function with () =  and T has a fixed point q = . For any x, y ∈ E, we obtain that
Then the mapping T satisfies Theorem .. But the range of T is not bounded.
